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Harmonics of Big and Little Bangs

Temperature anisotropy from CMB radiation
Power spectra hold a wealth of info from early epochs

TeV-scale Pb-Pb collisions
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Figure 6. Plots of the seven-year average Stokes Q and U maps in Galactic
coordinates. All maps have been smoothed with a 2◦ FWHM Gaussian kernel.

4.1.2. Low-! W-band Polarization Spectra

Previous analyses (Hinshaw et al. 2009; Page et al. 2007)
exhibited unexplained artifacts in the low-! W-band polarization
power spectra demonstrating an incomplete understanding of
the signal and/or noise properties of these spectra. Specifically,
the value of CEE

! for ! = 7 measured in the W band was
found to be significantly higher than could be accommodated by
the best-fit power spectra, given the measurement uncertainty.
This result, and several other anomalies, caused these data to
be excluded from cosmological analyses. Significant effort has
been expended trying to understand these spectra with the goal
of eventually allowing their use in cosmological analyses.

A set of null spectra was formed based on the latest uncleaned
W-band polarization sky maps to test for year-to-year and
DA-to-DA consistency. Polarization cross power spectra were
calculated for pairs of maps using the Master algorithm (Hivon
et al. 2002) utilizing the full Σ−1 covariance matrix to weight
the input maps. The polarization analysis mask was applied
by marginalizing the Σ−1 over pixels excluded by the mask to
minimize foreground contamination. Appropriately weighted
null signal combinations of these spectra were formed to
determine if any individual years or DAs possessed peculiar
characteristics. The uncertainties on the power spectra were
evaluated using the Fisher matrix technique (Page et al. 2007)
and measured map noise levels. Since the input sky maps contain
both signal (mostly of Galactic origin) and noise, an additional

Table 7
Seven-year Spectrum χ2 W-band Null Tests

Data Combinations χ2
EE PTEEE χ2

BB PTEBB

For DAs W1, W2, W3, and W4

{yr1} – {y2, y3, y4, y5, y6, y7} 0.944 0.56 0.976 0.50
{yr2} – {y1, y3, y4, y5, y6, y7} 0.800 0.78 0.956 0.54
{yr3} – {y1, y2, y4, y5, y6, y7} 0.934 0.57 1.166 0.24
{yr4} – {y1, y2, y3, y5, y6, y7} 0.850 0.70 0.920 0.59
{yr5} – {y1, y2, y3, y4, y6, y7} 0.737 0.85 1.286 0.13
{yr6} – {y1, y2, y3, y4, y5, y7} 0.769 0.82 1.101 0.32
{yr7} – {y1, y2, y3, y4, y5, y6} 1.108 0.31 0.831 0.73
{yr1, yr2, y3} – {y4, y5, y6, y7} 0.608 0.96 0.98 0.49
{yr1, yr3, y5, y7} – {y2, y4, y6} 0.860 0.69 1.06 0.38

For seven years of data

{W1} – {W2, W3, W4} 1.195 0.21 0.982 0.49
{W2} – {W1, W3, W4} 0.802 0.77 0.926 0.58
{W3} – {W1, W2, W4} 0.890 0.64 0.897 0.63
{W4} – {W1, W2, W3} 1.163 0.24 2.061 0.0005
{W1, W2} – {W3, W4} 0.867 0.68 1.361 0.09
{W1, W3} – {W2, W4} 0.866 0.68 1.219 0.19

Notes. χ2 tests for various null combinations of low-! Master polarization power
spectra obtained from uncleaned W-band sky maps. Reduced χ2 values are
presented along with the probability to exceed (PTE) values based on 31 degrees
of freedom, corresponding to 2 ! ! ! 32. Polarization cross power spectra
were obtained for each DA year × DA year combination, then appropriately
weighted combinations generated to null any sky signal. Predicted uncertainties
were obtained using the standard Fisher matrix formalism incorporating the
inverse noise covariance matrices and the measured sky map noise levels. Since
individual power spectra estimates do include signals (mostly foreground), the
uncertainties include a contribution for the signal × noise cross term as explained
in the text. The only anomalous point occurs when the seven-year W4 data are
compared to the seven-year data from the remaining W-band DAs.

term was added to the Fisher matrix noise estimate to account
for the signal × noise cross term. The signal component of this
term was estimated using the seven-year average power spectra
values for the combined W1, W2, and W3 DAs. This term was
only added for multipole/polarization combinations (EE or BB)
for which the estimated signal was greater than 0.

Table 7 shows the result of this analysis. The reduced χ2

combinations in the top panel are evaluated for data combina-
tions of all four W-band DAs that compare individual years to
the average of the remaining years. Polarization combinations
EE and BB were evaluated for multipoles ranging from 2 to
32. Additional combinations were formed to compare the first
three years of data to the latter four, and to compare data taken
in odd and even numbered years. All combinations resulted in
reasonable χ2 and probability to exceed values.

The lower half of the table contains the results of a similar
analysis, but in this case combinations were formed to isolate
individual DAs. The W4 is singled out with a reduced χ2 value
of 1.163 which has only a probability to exceed of only 0.05%.
This DA has an unusually large 1/f knee frequency, which
makes it particularly susceptible to systematic artifacts. For this
reason it is excluded from the analysis below, but continues to
be studied in case it might contain clues as to the nature of the
low-! polarization anomalies seen in the other W-band DAs.

Figure 7 displays polarization power spectra for the EE, BB,
and EB modes for the first three, five, and seven years of template
cleaned individual year maps from the W1, W2, and W3 DAs.
These spectra were also obtained using the Master algorithm
utilizing the mask-marginalized Σ−1 covariance matrix sky
map weighting. Only cross power spectra are included, so
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Two-particle correlations 3
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Event structure and shape evolution

In central and low-pT “bulk-dominated” 
long-range correlations
A near side ridge is observed
A very broad away side is observed, even doubly-
peaked for 0-2% central

In high-pT “jet-dominated” 
correlations
The near-side ridge is not visible
The away-side jet is very strong; sharp like proton-
proton case
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ALICE INTERNAL ONLY 4

below 2 GeV/c up to 10–15% near 15 GeV/c, and occupancy effects are negligible. Collision
vertices are determined using both the TPC and SPD. Collisions at a longitudinal position

greater than 10 cm from the nominal interaction point are rejected. The closest-approach85

distance between each track and the primary vertex is required to be within 3.2 (2.4) cm

in the longitudinal (radial) direction. At least 70 TPC pad rows must be traversed by each

track, out of which 50 TPC clusters must be assigned. In addition, a track fit requirement

of χ2/nd.o.f. < 4 is imposed.
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Figure 1: Examples of two-particle correlation functions C(∆φ,∆η) for central Pb–Pb collisions at low to
intermediate transverse momentum (left) and at higher pT (right).

3. Two-particle correlation function and Fourier analysis90

The two-particle correlation measure used here is the correlation function C(∆φ,∆η),
where the pair angles ∆φ and ∆η are measured with respect to the trigger particle. The

correlations induced by imperfections in detector pair acceptance and efficiency are removed

via division by a mixed-event pair distribution, in which a trigger particle from a particular

event is paired with associated particles from separate events. This acceptance correction95

procedure results in correlations due only to true physical effects (with some additional

residual pair inefficiency effects, which are negligible at long range in |∆η|.) Within a given

ptT , p
a
T , and centrality interval, the correlation function is defined as

C(∆φ,∆η) ≡ Nmixed

Nsame
× Nsame(∆φ,∆η)

Nmixed(∆φ,∆η)
. (3)

The ratio of mixed-event to same-event pair counts is included as a normalization pref-

actor such that a completely uncorrelated pair sample lies at unity for all angles. For100

Nmixed(∆φ,∆η), events are combined within similar collision vertex categories so that the

acceptance shape is closely reproduced, and within similar centrality classes to minimize

effects of residual multiplicity correlations and impact parameter fluctuations. To optimize

mixing accuracy on the one hand and statistical limitations on the other, the event mixing

bins vary in width from 1–10% in centrality and 2–4 cm in longitudinal vertex position.105
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Figure 1: Examples of two-particle correlation functions C(∆φ,∆η) for central Pb–Pb collisions at low to
intermediate transverse momentum (left) and at higher pT (right).
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long-range correlations
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where both particles are at high momenta (paT > 6 GeV/c), and the expectation is that

pairs from the same di-jet dominate the correlation structures (see Fig. 1, right).

A major goal of this analysis is to quantitatively study the evolution of the correlation110

shapes between these two regimes as a function of centrality and transverse momentum. In

order to reduce contributions from the near-side peak, we focus on the correlation features

at long range in relative pseudorapidity by requiring |∆η| > 0.8. This gap is selected to be

as large as possible while still allowing good statistical precision within the TPC acceptance.

The projection of C(∆φ, |∆η| > 0.8) into ∆φ is denoted as C (∆φ).115

An example of C (∆φ) from central Pb–Pb collisions in the bulk-dominated regime is

shown in Fig. 2 (left). The prominent near-side peak is a result of the ridge seen in Fig. 1.
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vertices are determined using both the TPC and SPD. Collisions at a longitudinal position

greater than 10 cm from the nominal interaction point are rejected. The closest-approach85

distance between each track and the primary vertex is required to be within 3.2 (2.4) cm

in the longitudinal (radial) direction. At least 70 TPC pad rows must be traversed by each

track, out of which 50 TPC clusters must be assigned. In addition, a track fit requirement

of χ2/nd.o.f. < 4 is imposed.
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Figure 1: Examples of two-particle correlation functions C(∆φ,∆η) for central Pb–Pb collisions at low to
intermediate transverse momentum (left) and at higher pT (right).

3. Two-particle correlation function and Fourier analysis90

The two-particle correlation measure used here is the correlation function C(∆φ,∆η),
where the pair angles ∆φ and ∆η are measured with respect to the trigger particle. The

correlations induced by imperfections in detector pair acceptance and efficiency are removed

via division by a mixed-event pair distribution, in which a trigger particle from a particular

event is paired with associated particles from separate events. This acceptance correction95

procedure results in correlations due only to true physical effects (with some additional

residual pair inefficiency effects, which are negligible at long range in |∆η|.) Within a given

ptT , p
a
T , and centrality interval, the correlation function is defined as

C(∆φ,∆η) ≡ Nmixed

Nsame
× Nsame(∆φ,∆η)

Nmixed(∆φ,∆η)
. (3)

The ratio of mixed-event to same-event pair counts is included as a normalization pref-

actor such that a completely uncorrelated pair sample lies at unity for all angles. For100

Nmixed(∆φ,∆η), events are combined within similar collision vertex categories so that the

acceptance shape is closely reproduced, and within similar centrality classes to minimize

effects of residual multiplicity correlations and impact parameter fluctuations. To optimize

mixing accuracy on the one hand and statistical limitations on the other, the event mixing

bins vary in width from 1–10% in centrality and 2–4 cm in longitudinal vertex position.105
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where both particles are at high momenta (paT > 6 GeV/c), and the expectation is that

pairs from the same di-jet dominate the correlation structures (see Fig. 1, right).

A major goal of this analysis is to quantitatively study the evolution of the correlation110

shapes between these two regimes as a function of centrality and transverse momentum. In

order to reduce contributions from the near-side peak, we focus on the correlation features

at long range in relative pseudorapidity by requiring |∆η| > 0.8. This gap is selected to be

as large as possible while still allowing good statistical precision within the TPC acceptance.

The projection of C(∆φ, |∆η| > 0.8) into ∆φ is denoted as C (∆φ).115

An example of C (∆φ) from central Pb–Pb collisions in the bulk-dominated regime is

shown in Fig. 2 (left). The prominent near-side peak is a result of the ridge seen in Fig. 1.
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1 Introduction
Ultra-relativistic collisions of large nuclei at the Large Hadron Collider (LHC) and at the Rel-
ativistic Heavy Ion Collider (RHIC) enable the study of strongly-interacting nuclear matter at
extreme temperatures and energy densities. One key piece of evidence for the formation of30

dense partonic matter in these collisions is the observation of particle momentum anisotropy in
directions transverse to the beam [1–6]. One powerful technique to characterize the properties
of the medium is via two-particle correlations [7–18], which measure the distributions of angles
∆φ and/or ∆η between particle pairs consisting of a “trigger” at transverse momentum pt

T and
an “associated” partner at pa

T .35

In proton-proton collisions, the full (∆φ , ∆η) correlation structure at (∆φ , ∆η) ≈ (0,0) is
dominated by the “near-side” jet peak, where trigger and associated particles originate from
a fragmenting parton, and at ∆φ ≈ π by the recoil or “away-side” jet. The away-side peak is
broader in ∆η , due to the longitudinal momentum distribution of partons in the colliding nu-
clei. In central nucleus–nucleus collisions at RHIC, an additional “ridge” feature is observed40

at ∆φ ≈ 0 [13, 14], which has generated considerable theoretical interest [19–28] since its ini-
tial observation. With increasing pT , the contribution from the near-side jet peak increases,
while the ridge correlation maintains approximately the same amplitude. The recoil jet correla-
tion is significantly weaker than that of the near side, because of kinematic considerations [29]
and also because of partonic energy loss. When both particles are at high transverse momenta45

(pa
T � 6 GeV/c), the peak shapes appear similar to the proton-proton case, albeit with a more

suppressed away side. This away-side correlation structure becomes broader and flatter than in
proton-proton collisions as the particle pT is decreased. In fact, in very central events (≈ 0–
2%), the away side exhibits a concave, doubly-peaked feature at |∆φ −π| ≈ 60◦ [30], which
also extends over a large range in |∆η | [17, 18]. The latter feature has been observed previ-50

ously at RHIC [12–14], but only after subtraction of a correlated component whose shape was
exclusively attributed to elliptic flow.

However, recent studies suggest that fluctuations in the initial state geometry can generate
higher-order flow components [31–38]. The azimuthal momentum distribution of the emitted
particles is commonly expressed as55

dN
dφ

∝ 1+
∞

∑
n=1

2vn(pT ) cos(n(φ −Ψn)) (1)

where vn is the magnitude of the nth order harmonic term relative to the angle of the initial-state
spatial plane of symmetry Ψn. First measurements, in particular of v3 and v5 have been reported
recently [17, 30, 39].

These higher-order harmonics can contribute to the previously-described structures observed in
trigger-associated particle correlations via the expression60

dNpairs

d∆φ
∝ 1+

∞

∑
n=1

2Vn∆(pt
T , pa

T ) cos(n∆φ) . (2)

In this article, we present a measurement of the Vn∆ coefficients from triggered, pseudorapidity-
separated (|∆η | > 0.8) pair azimuthal correlations in Pb–Pb collisions in different centrality
classes and in several transverse momentum intervals. Details of the experimental setup and
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The features of these correlations can be parametrized at various momenta and centralities by
decomposition into discrete Fourier harmonics, as done (for example) in [36, 38]. Following145

the convention of those references, we denote the two-particle Fourier coefficients as Vn∆ (see
Eq. 2), which we calculate directly from C (∆φ) as

Vn∆ ≡ �cos(n∆φ)�= ∑
i

Ci cos(n∆φi)

�

∑
i

Ci . (4)

Here, Ci indicates that the C (∆φ) is evaluated at ∆φi. Thus Vn∆ is independent of the normaliza-
tion of C (∆φ). The Vn∆ harmonics are superimposed on the left panels of Fig. 2 and Fig. 3. In
the right panels, the Vn∆ spectrum is shown for the same centrality and momenta, with additional150

centrality classes included to illustrate the centrality dependence. The systematic uncertainties
in these figures are explained in section 4.
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Fig. 4: Vn∆ coefficients as a function of pt
T for the 0–2%, 0–10%, and 40–50% most central Pb–Pb

collisions (top to bottom).

In the bulk-dominated momentum regime and for central collisions (Fig. 2), the first few Fourier
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magnitude of v2ðptÞ is better described by !=s ¼ 0 while
for v3ðptÞ !=s ¼ 0:08 provides a better description. We
anticipate future comparisons utilizing MC-KLN initial
conditions.

For central collisions 0%–5% we observe that at pt $
2 GeV=c v3 becomes equal to v2 and at pt $ 3 GeV=c v4

also reaches the same magnitude as v2 and v3. For more
central collisions 0%–2%, we observe that v3 becomes
equal to v2 at lower pt and reaches significantly larger

values than v2 at higher pt. The same is true for v4

compared to v2.
We compare the structures found with azimuthal corre-

lations between triggered and associated particles to those
described by the measured vn components. The two-
particle azimuthal correlations are measured by calculating

Cð!"Þ % Nmixed

Nsame

dNsame=d!"

dNmixed=d!"
; (3)

where !" ¼ "trig &"assoc. dNsame=d!" (dNmixed=d!")
is the number of associated particles as function of !"
within the same (different) event, and Nsame (Nmixed) the
total number of associated particles in dNsame=d!"
(dNmixed=d!"). Figure 4 shows the azimuthal correlation
observed in very central collisions 0%–1%, for trigger
particles in the range 2<pt < 3 GeV=c with associated
particles in 1< pt < 2 GeV=c for pairs in j!!j> 1. We
observe a clear doubly peaked correlation structure cen-
tered opposite to the trigger particle. This feature has been
observed at lower energies in broader centrality bins
[32,33], but only after subtraction of the elliptic flow
component. This two-peak structure has been interpreted
as an indication for various jet-medium modifications
(i.e., Mach cones) [32,33] and more recently as a manifes-
tation of triangular flow [10–13]. We therefore compare the
azimuthal correlation shape expected from v2, v3, v4, and
v5 evaluated at corresponding transverse momenta with the
measured two-particle azimuthal triggered correlation and
find that the combination of these harmonics gives a natu-
ral description of the observed correlation structure on the
away side.
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The features of these correlations can be parametrized at various momenta and centralities by
decomposition into discrete Fourier harmonics, as done (for example) in [36, 38]. Following145

the convention of those references, we denote the two-particle Fourier coefficients as Vn∆ (see
Eq. 2), which we calculate directly from C (∆φ) as

Vn∆ ≡ �cos(n∆φ)�= ∑
i

Ci cos(n∆φi)

�

∑
i

Ci . (4)

Here, Ci indicates that the C (∆φ) is evaluated at ∆φi. Thus Vn∆ is independent of the normaliza-
tion of C (∆φ). The Vn∆ harmonics are superimposed on the left panels of Fig. 2 and Fig. 3. In
the right panels, the Vn∆ spectrum is shown for the same centrality and momenta, with additional150

centrality classes included to illustrate the centrality dependence. The systematic uncertainties
in these figures are explained in section 4.
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Fig. 4: Vn∆ coefficients as a function of pt
T for the 0–2%, 0–10%, and 40–50% most central Pb–Pb

collisions (top to bottom).

In the bulk-dominated momentum regime and for central collisions (Fig. 2), the first few Fourier
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Fig. 2: (Color online) Left: C (∆φ) for particle pairs at |∆η |> 0.8. The Fourier harmonics for V1∆ to V5∆
are superimposed in color. Their sum is shown as the dashed curve. The ratio of data to the n ≤ 5 sum is

shown in the lower panel. Center: Amplitude of Vn∆ harmonics vs. n for the same pt
T , pa

T , and centrality

class. Right: Vn∆ spectra for a variety of centrality classes. Systematic uncertainties are represented with

boxes (see section 4), and statistical uncertainties are shown as error bars.
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An example of C (∆φ) from central Pb–Pb collisions in the bulk-dominated regime is shown

in Fig. 2 (left). The prominent near-side peak is an azimuthal projection of the ridge seen in

Fig. 1. In this very central collision class (0–2%), a distinct doubly-peaked structure is visible

on the away side, which becomes a progressively narrower single peak in less central colli-

sions. We emphasize that no subtraction was performed on C (∆φ), unlike other jet correlation

analyses [7–14].

A comparison between the left panels of Fig. 2 and Fig. 3 demonstrates the change in shape

as the transverse momentum is increased. When the near-side peak is excluded, a single recoil

jet peak at ∆φ � π appears whose amplitude is no longer a few percent, but now a factor of 2

above unity. No significant near-side ridge is distinguishable at this scale. The recoil jet peak

persists even with the introduction of a gap in |∆η | due to the distribution of longitudinal parton

momenta in the colliding nuclei.
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magnitude of v2ðptÞ is better described by !=s ¼ 0 while
for v3ðptÞ !=s ¼ 0:08 provides a better description. We
anticipate future comparisons utilizing MC-KLN initial
conditions.

For central collisions 0%–5% we observe that at pt $
2 GeV=c v3 becomes equal to v2 and at pt $ 3 GeV=c v4

also reaches the same magnitude as v2 and v3. For more
central collisions 0%–2%, we observe that v3 becomes
equal to v2 at lower pt and reaches significantly larger

values than v2 at higher pt. The same is true for v4

compared to v2.
We compare the structures found with azimuthal corre-

lations between triggered and associated particles to those
described by the measured vn components. The two-
particle azimuthal correlations are measured by calculating

Cð!"Þ % Nmixed

Nsame

dNsame=d!"

dNmixed=d!"
; (3)

where !" ¼ "trig &"assoc. dNsame=d!" (dNmixed=d!")
is the number of associated particles as function of !"
within the same (different) event, and Nsame (Nmixed) the
total number of associated particles in dNsame=d!"
(dNmixed=d!"). Figure 4 shows the azimuthal correlation
observed in very central collisions 0%–1%, for trigger
particles in the range 2<pt < 3 GeV=c with associated
particles in 1< pt < 2 GeV=c for pairs in j!!j> 1. We
observe a clear doubly peaked correlation structure cen-
tered opposite to the trigger particle. This feature has been
observed at lower energies in broader centrality bins
[32,33], but only after subtraction of the elliptic flow
component. This two-peak structure has been interpreted
as an indication for various jet-medium modifications
(i.e., Mach cones) [32,33] and more recently as a manifes-
tation of triangular flow [10–13]. We therefore compare the
azimuthal correlation shape expected from v2, v3, v4, and
v5 evaluated at corresponding transverse momenta with the
measured two-particle azimuthal triggered correlation and
find that the combination of these harmonics gives a natu-
ral description of the observed correlation structure on the
away side.
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A. Adare (ALICE)

Decomposition in bulk region

“Power spectrum” of pair Fourier components VnΔ 
For ultra-central collisions, n = 3 dominates.
In bulk-dominated correlations, the n > 5 harmonics are weak.
(But not necessarily zero...work in progress.)

V2Δ dominates as collisions become less central.
Collision geometry, rather than fluctuations, becomes primary effect
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Fig. 2: (Color online) Left: C (∆φ) for particle pairs at |∆η |> 0.8. The Fourier harmonics for V1∆ to V5∆
are superimposed in color. Their sum is shown as the dashed curve. The ratio of data to the n ≤ 5 sum is

shown in the lower panel. Center: Amplitude of Vn∆ harmonics vs. n for the same pt
T , pa

T , and centrality

class. Right: Vn∆ spectra for a variety of centrality classes. Systematic uncertainties are represented with

boxes (see section 4), and statistical uncertainties are shown as error bars.

 [rad]!"
0 2 4

)!
"

C
(

0.5

1

1.5

2

2.5

Pb-Pb 2.76 TeV, 0-20% central
 < 15 GeV/ct

T
8 < p

 < 8 GeV/ca
T

6 < p
| < 1.8#"0.8 < |

/ndf = 61.5 / 352$

 [rad]!"
0 2 4

ra
tio 1

1.5

n
2 4 6 8 10 12

]
-2

 [1
0

!n
V

-30

-20

-10

0

10

20

30

40 Centrality
40-50%
0-20%

 < 15 GeV/ct
T

8 < p

 < 8 GeV/ca
T

6 < p

Fig. 3: (Color online) Left: C (∆φ) at |∆η | > 0.8 for higher-pT particles than in Fig. 2. The Fourier

harmonics Vn∆ for n ≤ 5 are superimposed in color. Their sum is shown as the dashed curve. The ratio of

data to the n ≤ 5 sum is shown in the lower panel. Right: Amplitude of Vn∆ harmonics vs. n at the same

pt
T , pa

T for two centrality bins. Systematic uncertainties are represented with boxes (see section 4), and

statistical uncertainties are shown as error bars.

An example of C (∆φ) from central Pb–Pb collisions in the bulk-dominated regime is shown

in Fig. 2 (left). The prominent near-side peak is an azimuthal projection of the ridge seen in

Fig. 1. In this very central collision class (0–2%), a distinct doubly-peaked structure is visible

on the away side, which becomes a progressively narrower single peak in less central colli-

sions. We emphasize that no subtraction was performed on C (∆φ), unlike other jet correlation

analyses [7–14].

A comparison between the left panels of Fig. 2 and Fig. 3 demonstrates the change in shape

as the transverse momentum is increased. When the near-side peak is excluded, a single recoil

jet peak at ∆φ � π appears whose amplitude is no longer a few percent, but now a factor of 2

above unity. No significant near-side ridge is distinguishable at this scale. The recoil jet peak

persists even with the introduction of a gap in |∆η | due to the distribution of longitudinal parton

momenta in the colliding nuclei.
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T , and centrality

class. Right: Vn∆ spectra for a variety of centrality classes. Systematic uncertainties are represented with

boxes (see section 4), and statistical uncertainties are shown as error bars.
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An example of C (∆φ) from central Pb–Pb collisions in the bulk-dominated regime is shown

in Fig. 2 (left). The prominent near-side peak is an azimuthal projection of the ridge seen in

Fig. 1. In this very central collision class (0–2%), a distinct doubly-peaked structure is visible

on the away side, which becomes a progressively narrower single peak in less central colli-

sions. We emphasize that no subtraction was performed on C (∆φ), unlike other jet correlation

analyses [7–14].

A comparison between the left panels of Fig. 2 and Fig. 3 demonstrates the change in shape

as the transverse momentum is increased. When the near-side peak is excluded, a single recoil

jet peak at ∆φ � π appears whose amplitude is no longer a few percent, but now a factor of 2

above unity. No significant near-side ridge is distinguishable at this scale. The recoil jet peak

persists even with the introduction of a gap in |∆η | due to the distribution of longitudinal parton

momenta in the colliding nuclei.
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A. Adare (ALICE)

Decomposition in bulk region

“Power spectrum” of pair Fourier components VnΔ 
For ultra-central collisions, n = 3 dominates.
In bulk-dominated correlations, the n > 5 harmonics are weak.
(But not necessarily zero...work in progress.)

V2Δ dominates as collisions become less central.
Collision geometry, rather than fluctuations, becomes primary effect

7

Harmonic decomposition of two particle correlations ALICE Collaboration

 [rad]!"
0 2 4

)!
"

C
(

0.99

0.995

1

1.005

1.01

1.015

Pb-Pb 2.76 TeV, 0-2% central
 < 2.5 GeV/ct

T
2 < p

 < 2 GeV/ca
T

1.5 < p
| < 1.8#"0.8 < |

/ndf = 33.3 / 352$

 [rad]!"
0 2 4

ra
tio

0.998
1

1.002

n
1 2 3 4 5 6 7 8

]
-2

 [1
0

!n
V

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35 Centrality
0-2%
 < 2.5 GeV/ct

T
2 < p

 < 2 GeV/ca
T

1.5 < p

n
1 2 3 4 5 6 7 8

]
-2

 [1
0

!n
V

0

1

2

3

4

5 Centrality
40-50%
20-30%
10-20%
2-10%
0-2%
 < 2.5 GeV/ct

T
2 < p

 < 2 GeV/ca
T

1.5 < p

Fig. 2: (Color online) Left: C (∆φ) for particle pairs at |∆η |> 0.8. The Fourier harmonics for V1∆ to V5∆
are superimposed in color. Their sum is shown as the dashed curve. The ratio of data to the n ≤ 5 sum is

shown in the lower panel. Center: Amplitude of Vn∆ harmonics vs. n for the same pt
T , pa

T , and centrality

class. Right: Vn∆ spectra for a variety of centrality classes. Systematic uncertainties are represented with

boxes (see section 4), and statistical uncertainties are shown as error bars.

 [rad]!"
0 2 4

)!
"

C
(

0.5

1

1.5

2

2.5

Pb-Pb 2.76 TeV, 0-20% central
 < 15 GeV/ct

T
8 < p

 < 8 GeV/ca
T

6 < p
| < 1.8#"0.8 < |

/ndf = 61.5 / 352$

 [rad]!"
0 2 4

ra
tio 1

1.5

n
2 4 6 8 10 12

]
-2

 [1
0

!n
V

-30

-20

-10

0

10

20

30

40 Centrality
40-50%
0-20%

 < 15 GeV/ct
T

8 < p

 < 8 GeV/ca
T

6 < p

Fig. 3: (Color online) Left: C (∆φ) at |∆η | > 0.8 for higher-pT particles than in Fig. 2. The Fourier

harmonics Vn∆ for n ≤ 5 are superimposed in color. Their sum is shown as the dashed curve. The ratio of

data to the n ≤ 5 sum is shown in the lower panel. Right: Amplitude of Vn∆ harmonics vs. n at the same

pt
T , pa

T for two centrality bins. Systematic uncertainties are represented with boxes (see section 4), and

statistical uncertainties are shown as error bars.

An example of C (∆φ) from central Pb–Pb collisions in the bulk-dominated regime is shown

in Fig. 2 (left). The prominent near-side peak is an azimuthal projection of the ridge seen in

Fig. 1. In this very central collision class (0–2%), a distinct doubly-peaked structure is visible

on the away side, which becomes a progressively narrower single peak in less central colli-

sions. We emphasize that no subtraction was performed on C (∆φ), unlike other jet correlation

analyses [7–14].

A comparison between the left panels of Fig. 2 and Fig. 3 demonstrates the change in shape
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on the away side, which becomes a progressively narrower single peak in less central colli-
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as the transverse momentum is increased. When the near-side peak is excluded, a single recoil
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Decomposition in jet region

Di-jet Fourier components VnΔ 
Very different spectral signature than bulk correlations!
- All odd harmonics < 0, and finite to large n
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A. Adare (ALICE)

Aside: Gaussian Fourier transform

Away-side peak is (sort of) Gaussian:
The F.T. of a Gaussian(μ=π, σΔφ) is ±Gaussian(μ=0, σn =1/σΔφ).

Fit demonstration: when μ=π, odd VnΔ coefficients are negative.

9

 [rad]!"
0 2 4

)!
"

C
(

0.5

1

1.5

2

2.5

Pb-Pb 2.76 TeV, 0-20% central
 < 15 GeV/ct

T
8 < p

 < 8 GeV/ca
T

6 < p
| < 1.8#"0.8 < |

/ndf = 61.5 / 352$

 [rad]!"
0 2 4

ra
tio 1

1.5

n
2 4 6 8 10 12

]
-2

 [1
0

!n
V

-30

-20

-10

0

10

20

30

40 Centrality
40-50%
0-20%

 < 15 GeV/ct
T

8 < p

 < 8 GeV/ca
T

6 < p

Thursday, October 20, 2011



A. Adare (ALICE)

Aside: Gaussian Fourier transform
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Similar trends as for vn

Rises with pT
t to maximum near 3-4 GeV, then declines

Centrality dependence:
V2Δ dominates as collisions become less central
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A. Adare (ALICE)

The factorization hypothesis

Factorization of two-particle anisotropy
For pairs correlated to one another through a common symmetry plane Ψn, 
their correlation is dictated by bulk anisotropy:

VnΔ would be generated from one vn(pT) curve, 
evaluated at pTt and pTa.

Factorization expected:
✔ For correlations from collective flow. 
Flow is global and affects all particles in the event.

✘ Not for pairs from fragmenting di-jets. 
Di-jet shapes are “local”, not strongly connected to Ψn. 
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harmonics are comparable in amplitude, with the notable exception of V1∆. The first 5 combined
harmonics reproduce C (∆φ) with high accuracy, as shown in the ratio between the points and155

the component sum. For less central collisions, V2∆ increasingly dominates. In the high-pT
regime (Fig. 3), the jet peak at ∆φ = π is the only prominent feature of the correlation function.
The even (odd) harmonics take positive (negative) values which diminish in magnitude with
increasing n, forming a pattern distinct from the low-pT case. The dependence of the values on
n in the left panel of Fig. 3 is consistent with a Gaussian function centered at n = 0, as expected160

for the Fourier transform of a Gaussian distribution of width σn = 1/σ∆φ centered at ∆φ = π .
In this case, the sum of the first 5 harmonics does not reproduce C (∆φ) with the accuracy of
the low-pT case, as suggested by the larger χ2 value (62/35 compared to 33/35). We note that
v2 is not the dominant coefficient in Fig. 3; instead, its magnitude fits into a pattern without
significant dependence on collision geometry, as suggested by the continuous decrease with165

increasing n for both 0–20% and 40–50% central events. This suggests that the n spectrum is
driven predominantly by intra-jet correlations on the recoil side, as expected from proton-proton
correlations at similar particle momenta.

Figure 4 shows the Vn∆ coefficients as a function of trigger pT for a selection of associated pT
values. For n ≥ 2, Vn∆ reaches a maximum value at pt

T � 3–4 GeV/c, decreasing toward zero170

(or even below zero for odd n) as pt
T increases. This rapid drop of the odd coefficients at high

pt
T provides a complementary picture to the n dependence of Vn∆ shown in Fig. 3.

4 Factorization and the global fit
The trends in pt

T and centrality in Fig. 4 are reminiscent of previous measurements of vn from
anisotropic flow analyses [17, 30, 39]. This is expected if the azimuthal anisotropy of final175

state particles at large |∆η | is induced by a collective response to initial-state coordinate-space
anisotropy from collision geometry and fluctuations [38]. In such a case, C (∆φ) reflects a
mechanism that affects all particles in the event, and Vn∆ depends only on the single-particle
azimuthal distribution with respect to the n-th order symmetry plane Ψn. Under these circum-
stances Vn∆ factorizes [38] as180

Vn∆(pt
T , pa

T ) = ��ein(φa−φt)��
= ��ein(φa−Ψn)����e−in(φt−Ψn)��
= �vn{2}(pt

T )vn{2}(pa
T )�. (5)

Here, �� indicates an averaging over events, ���� denotes averaging over both particles and
events, and vn{2} specifies the use of a two-particle measurement to obtain vn. In contrast to
the flow-dominated mechanism, dijet-related processes do not directly influence every particle;
their effects are concentrated on a small number of fragments. For high-pt

T , high-pa
T pairs

from jet fragmentation, the correlated yields indicate dependence on initial geometry, which185

is an expectation from pathlength-dependent jet quenching. However, the azimuthal shapes
of these peaks are similar to those from pp or d–Au collisions (albeit suppressed), reflecting
fragmentation rather than flow effects [10, 15]. Given this weak shape dependence on Ψn,
correlations between high-pT jet fragments are not expected to follow the factorization trends of
lower-pT pairs. Similarly, decays from resonances involve a small number of particles without190

strong correlation to Ψn. Pair correlations due to jet fragmentation and particle decays are
examples of nonflow correlations, and are not expected to factorize.
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ton’’ triggered pþ p events and 1:78" 109 minimum-bias
Auþ Au events were used in this analysis.

Neutral pion triggers are reconstructed from photon
clusters measured by lead-glass and lead-scintillator elec-
tromagnetic calorimeters in the two central arms of
PHENIX, covering j!j< 0:35 and 2" 90# in azimuth
[18]. Neutral pions are identified in each event through
2" decay by pairing all photons satisfying a minimum
energy threshold cut and requiring the reconstructed
mass to lie near the #0 mass peak. More restrictive cuts
are used in more central events and for lower-pT #0s to
reduce the rate of random associations and preserve a #0

identification signal-to-background ratio (S/B) larger than
4:1 for central Auþ Au and 20:1 in pþ p. A systematic
uncertainty of<1%–6%, depending on S/B, is included for
the #0 signal extraction.

Charged hadron partners are reconstructed in the central
arms using the drift chambers (DC) with hit association
requirements in two layers of multiwire proportional
chambers with pad readout (PC1 and PC3), achieving a
momentum resolution of 0:7% $ 1:1%p (GeV=c). Only
tracks with full and unambiguous DC and PC1 hit infor-
mation are used. Projections of these tracks are required to
match a PC3 hit within a%2$ proximity window to reduce
background from conversion and decay products.

All trigger-partner pairs satisfying the identification re-
quirements within an event are measured. These pairs are
corrected for the PHENIX acceptance through a process of
event mixing, and then background pairs which are corre-
lated through the reaction plane are subtracted. The condi-
tional jet pair multiplicity per trigger particle is thus
determined by:

1

Nt

dNpair

d!%
¼ Na

2#&a

!
dNpair

same=d!%

dNpair
mix=d!%

' 'ð1þ 2hvt
2v

a
2i

" cosð2!%ÞÞ
"
; (1)

where Nt (Na) is the number of trigger (associated) parti-
cles [5]. The background modulation accounts for quadru-
pole anisotropy only, and is assumed to factorize such that
hvt

2v
a
2i * hvt

2ihva
2i [3]. The elliptic flow coefficients, v2,

are taken from recent PHENIX measurements of neutral
pions [19] and charged hadrons [20]. The background
level, ', is determined in Auþ Au collisions using the
absolute background subtraction method [21]. A pedestal
subtraction employing the zero-yield-at-minimum
(ZYAM) method is used in pþ p. In certain cases, e.g.,
very broad jets, the ZYAM method could lead to an over-
subtraction by removing signal pairs. The effect is typi-
cally small in pþ p where an additional 6% global scale
uncertainty is applied. Charged hadron acceptance and
efficiency corrections, &a, are calculated via full detector
simulations [5].

Figure 1 shows the resulting per-trigger jet pair yields
for selected trigger-partner combinations in pþ p and the
20%most centralAuþ Au collisions. On the near side, the
widths in central Auþ Au are comparable to pþ p over
the full pt

T and pa
T ranges, while the yields are slightly

enhanced at low pT , matching pþ p as pT increases. On
the opposing side, qualitatively one observes that for low
pt
T and low pa

T the Auþ Au jet peaks are strongly broad-
ened and non-Gaussian. In contrast, at high pt

T and high p
a
T

the yield is substantially suppressed, but the shape appears
consistent with the measurement in the pþ p case (as has
been previously reported in much broader pT ranges for
unidentified charged hadron triggers [4,5]). Here we quan-
tify the trends in the shape and yield between these two
extremes.
First, we have performed a fit to the away-side distribu-

tion over the range j!%' #j< #=2 to a simple Gaussian
distribution. Figure 2 shows the results. In pþ p colli-
sions, the away-side width narrows at higher trigger and
partner momentum as expected from the angular ordering
of jet fragmentation. For pt

T > 7 GeV=c, the widths are
consistent within uncertainties between pþ p and Auþ
Au at all pa

T . There is no evidence of large jet broadening
from in-medium scattering [14] or from initial state effects
[22], expected for surviving partons produced in the inte-
rior rather than the surface of the medium. However, it is
also possible that for high pt

T the broadening is modest for
the leading parton and its fragmentation products and the
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FIG. 1 (color online). Per-trigger jet pair yield vs !% for
selected #0 trigger and h% partner pT combinations (pt

T + pa
T)

in Auþ Au and pþ p collisions. Depicted Auþ Au systematic
uncertainties include point-to-point correlated background level
and modulation uncertainties (gray bands and open boxes,
respectively). For shape comparison insets show away-side dis-
tributions scaled to match at !% ¼ #.
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Testing factorization with a global fit

Improving on VnΔ = vn(pT)2 with triggered correlations...
12 pTt bins, 12 pTa bins; pTt ≥ pTa  ⇒ 78 VnΔ points.

Fit all simultaneously to find vn(pT) curve with best-fit vn(pTt) x vn(pTa) product.

At each n: 
 - Fit supports factorization at low pTa 
⇒ suggests flow correlations.

 - Fit deviates from data in jet-dominated high pTa region 
⇒ collective description less appropriate.
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At each n: 
 - Fit supports factorization at low pTa 
⇒ suggests flow correlations.

 - Fit deviates from data in jet-dominated high pTa region 
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Comparison with ALICE vn{2} 14

magnitude of v2ðptÞ is better described by !=s ¼ 0 while
for v3ðptÞ !=s ¼ 0:08 provides a better description. We
anticipate future comparisons utilizing MC-KLN initial
conditions.

For central collisions 0%–5% we observe that at pt $
2 GeV=c v3 becomes equal to v2 and at pt $ 3 GeV=c v4

also reaches the same magnitude as v2 and v3. For more
central collisions 0%–2%, we observe that v3 becomes
equal to v2 at lower pt and reaches significantly larger

values than v2 at higher pt. The same is true for v4

compared to v2.
We compare the structures found with azimuthal corre-

lations between triggered and associated particles to those
described by the measured vn components. The two-
particle azimuthal correlations are measured by calculating

Cð!"Þ % Nmixed

Nsame

dNsame=d!"

dNmixed=d!"
; (3)

where !" ¼ "trig &"assoc. dNsame=d!" (dNmixed=d!")
is the number of associated particles as function of !"
within the same (different) event, and Nsame (Nmixed) the
total number of associated particles in dNsame=d!"
(dNmixed=d!"). Figure 4 shows the azimuthal correlation
observed in very central collisions 0%–1%, for trigger
particles in the range 2<pt < 3 GeV=c with associated
particles in 1< pt < 2 GeV=c for pairs in j!!j> 1. We
observe a clear doubly peaked correlation structure cen-
tered opposite to the trigger particle. This feature has been
observed at lower energies in broader centrality bins
[32,33], but only after subtraction of the elliptic flow
component. This two-peak structure has been interpreted
as an indication for various jet-medium modifications
(i.e., Mach cones) [32,33] and more recently as a manifes-
tation of triangular flow [10–13]. We therefore compare the
azimuthal correlation shape expected from v2, v3, v4, and
v5 evaluated at corresponding transverse momenta with the
measured two-particle azimuthal triggered correlation and
find that the combination of these harmonics gives a natu-
ral description of the observed correlation structure on the
away side.
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between a trigger particle with 2< pt < 3 GeV=c and an asso-
ciated particle with 1< pt < 2 GeV=c for the 0%–1% centrality
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tropic flow Fourier coefficients v2, v3, v4, and v5 (dashed lines).
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Published ALICE vn{2} 
PRL 107 032301 (2011) 
Scalar-product (SP) method
|Δη| > 1.0
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Comparison with ALICE vn{2} 14
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A. Adare (ALICE)

V1Δ behaves exceptionally...

The n=1 harmonic doesn’t factorize
Including the near-side peak enhances 
disagreement.

15
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sources generating anisotropy at low-paT is potentially complicated: although the trigger

particles are likely to be from jets, the associated partners from the “bulk” must include

particles from (quenched) jets in their composition as well as those which are thermalized

and experience hydrodynamic influences. The disentanglement of the bulk composition is

beyond the scope of this analysis. The important point to be made here is that physical270

processes leading to factorizable correlations require no connection with hydrodynamics;

even non-hydrodynamic correlations can factorize if particles exhibit anisotropy with respect

to symmetry planes existing at the scale of the entire event.

The parameters of the global fit are the best-fit vn{GF} values as a function of pT ,
which can be interpreted as the coefficients of Eq. 1. The results of the global fit for275

2 ≤ n ≤ 5, denoted vn{GF}, are shown in Fig. 6 for several centrality selections. For the 0–

2% most central data, v2 is comparable in magnitude or even smaller than the higher-order

coefficients at most momenta, and v2 reaches a maximum value below 3 GeV/c, whereas the
higher harmonics peak at a higher pT . These results are in very close agreement with recent

measurements of vn at the same collision energy [32].280

The results are not strongly sensitive to the upper paT limit included in the global fit.

The global fit was performed not only over the full momentum range (as shown in Fig. 6),

but also with the restriction of Vn∆ points to paT < 2.5 GeV/c. The outcome was found to be

identical within one statistical standard deviation. This again reflects the weighting by the

steeply-falling particle momentum distribution, indicating that a relatively small number of285

energetic particles does not strongly bias the event anisotropy as calculated by the global

fit.
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Figure 7: (Color online) Vn∆ values from 0–10% central Pb–Pb collisions (points) and global fit results
(solid lines) for 3 < ptT < 4 GeV/c as a function of the minimum |∆η| separation for a selection of paT bins.
For clarity, points are shown with statistical error bars only. For reference, a dashed line (drawn only in the
n = 2 panel) indicates the |∆η|min = 0.8 requirement applied throughout this analysis.

It is informative to study the influence of the near-side jet peak on the Vn∆ coefficients.

The dependence of the Vn∆ values on the longitudinal separation is shown in Fig. 7. The
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A. Adare (ALICE)

V1Δ behaves exceptionally...

The n=1 harmonic doesn’t factorize
Including the near-side peak enhances 
disagreement.

No good global fit over all momenta
However, v1{GF} is qualitatively similar to 
viscous hydro predictions...under 
investigation.
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sources generating anisotropy at low-paT is potentially complicated: although the trigger

particles are likely to be from jets, the associated partners from the “bulk” must include
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Figure 7: (Color online) Vn∆ values from 0–10% central Pb–Pb collisions (points) and global fit results
(solid lines) for 3 < ptT < 4 GeV/c as a function of the minimum |∆η| separation for a selection of paT bins.
For clarity, points are shown with statistical error bars only. For reference, a dashed line (drawn only in the
n = 2 panel) indicates the |∆η|min = 0.8 requirement applied throughout this analysis.

It is informative to study the influence of the near-side jet peak on the Vn∆ coefficients.

The dependence of the Vn∆ values on the longitudinal separation is shown in Fig. 7. The
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Figure 9: v1{GF} as computed from two different momentum ranges, demonstrating that the result at high
pT is sensitive to the upper pT limit used in the global fit.

10% �paT � is applied to V1∆ to account for the bias resulting from the neglect of this correc-

tion, and the uncertainty is propagated to v1{GF} in the same fashion as for n > 1. Thus,

at this time there is no clear picture from the n = 1 case in terms of global factorization.315

7. Summary

The shape evolution of triggered two-particle correlations was investigated quantitatively

using a discrete Fourier decomposition. In the bulk-dominated pT regime, a distinct near-

side ridge and a doubly-peaked away-side structure are observed in the most central events,

both persisting to extended relative pseudorapidity between trigger and associated particles.320

These features are represented in Fourier spectra by harmonic amplitudes, both even and

odd, which are finite in magnitude up to approximately n = 5. These pair anisotropies are

found to factorize into single-particle harmonic coefficients. This factorization is consistent

with expectations from collective (e.g. hydrodynamic) response to anisotropic initial condi-

tions, which provides a complete and self-consistent picture explaining the observed features325

without invocation of other models (such as Mach shocks).

The data also suggest that at low pT (below approximately 3 GeV/c), any contribution

from the away-side jet is constrained to be relatively small. In contrast, for associated pT
greater than 4–6 GeV/c, the long-range correlation appears dominated by a large peak from

the recoil jet. In this regime, the breaking of Vn∆ factorization is consistent with the onset of330

localized, rather than event-wide, correlations from the recoil jet. Additional support for this

conclusion is provided by the manifest divergence from factorization as the trigger-associated

rapidity gap is reduced (Fig. 7). The global fit technique provides a metric for clarifying

distinctions between factorizing and non-factorizing correlations; within the bulk-dominated

region, the measurements of all significant harmonics provides the possiblity to constrain335

the geometry of the initial state and further understand the nuclear medium through its

collective response.
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Summary

Factorization hypothesis and global fit:
Collective behavior (flow) describes bulk anisotropy (ridge, double-hump)
 - No need to invoke Mach cone explanations.
Global fit coefficients (vn{GF}) consistent with other measurements.
- Another method to measure flow coefficients 
Bulk anisotropy factorizes, jet anisotropy does not.
 - Bulk correlations related to global symmetries...
 - But no such indication for shape of di-jet correlations.

Outlook:
Tackling open questions:
 - Higher harmonics?
 - Origin of V1Δ? Relation to v1?

Second-year Pb-Pb data taking is just around the corner!
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Looking ahead...

Open questions:
 - Measured shapes are from I.S. + hydro evolution (+ hadronization). How 
would we distinguish between, e.g. very lumpy + viscous vs. smoother + 
more ideal hydro?

 - Distinguishing hot-spot/string/sound perturbation pictures from 
superposition of event-by event density fluctuations?

9

should see a transition from potential to kinetic energy

happening with higher and higher rate, as the harmonic

number grows.

The clm coefficients are calculated using the orthogo-

nality of the Legendre polynomials, and are given by:

clm =

� 2π

0

� π

0
T̂1(ρ0, θ,φ)Y

∗
lm(θ,φ) sin θdθdφ

(3.44)

Once we find all the constants, we can study the evolution

of the perturbation given by expression (3.37). In figure

2 we show three frames from a movie-like evolution in

τ of a perturbation T̂1(τ, r,φ) produced by a local “hot

spot” which was calculated for a Gaussian centered in

θ = 1.5 with a small size s = 0.1, which corresponds to

a perturbation localized at r = 4.1 fm and with a width

of 0.4 fm. Notice that while the perturbation is in the

rescaled frame, we are using the regular coordinates τ, r.
We have used 30 harmonics for this movie, and it is

nice to see that they all add up coherently into a con-

sistent picture of a sound wave propagation. While it

does correspond to a qualitative picture of a circle from

a stone thrown into the pond, with which we had started

this work, it is in fact an exact solution, riding on the

zeroth order explosion picture which is by itself rather

complex. In order to find the analytical expressions for

the perturbation on top of the fireball it was necessary to

invent the ρ and θ coordinates, so that all of the expres-

sions can be factorized in terms of these coordinates. So

a lot of correct thinking was needed, to make this movie

possible.

F. The viscous effects

In the second paper of this series [1] we introduced the

viscosity-based scale, which all structures produced by

point-like perturbations would obtain at freezeout. With-

out going into details, let us just remind the reader that

while the width of the circle grows with time as τ1/2,
its radius grows as τ , and therefore the relative contrast

(the former divided by the latter) is improving as τ−1/2.

As far as the amplitude of the wave is concerned, in a

short-plain-wavelength approximation the stress tensor

harmonics with momentum k are attenuated by a factor

δTµν(t, k) = exp

�
−2

3

η

s

k2t

T

�
δTµν(0, k) (3.45)

known from textbooks on sound, sometimes called “the

viscous filter”. Note that its exponent contains the mo-

mentum squared, due to the extra derivative in the vis-

cous tensor, and therefore the effect of viscosity for the

higher harmonics is strongly enhanced. Obviously, the

same qualitative behavior is expected for our l,m har-

monics.

The basic equations for the ρ-dependent part of the

perturbation, now with viscosity terms, can be written

FIG. 2: (Color online) Evolution of the perturbation in the
rescaled frame but in the regular coordinates T̂1(τ, r,φ) from
(3.37) using the change of coordinates 3.7 and 3.8. From top
to bottom:τ = 1 fm/c ,τ = 4 fm/c ,τ = 6 fm/c

as a system of coupled first-order equations [16]. We are

assuming rapidity independence, thus the system of equa-

tions (107),(108) and (109), from the referred paper, be-

comes two coupled equations, for (the ρ-dependent part
of) the temperature and velocity perturbations

d�w

dρ
= −Γ�w , �w =

�
δv
vv

�
(3.46)

where the index v stands for viscous and the matrix com-

+ ++ + ...vs.
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A. Adare (ALICE)

Sound perturbation animation

Hot spot / density perturbation produces coherent sound waves in hubble-
expanding medium.
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http://rhig.physics.yale.edu/~adare/sim/soundring.gif
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A. Adare (ALICE)

Result from one event

Top
single particle distribution of 
particles having crossed 
freezout circle. Baseline was set 
at solid line to enhance effect 
(simulates combinatoric 
pedestal from averaging many 
events).

Bottom
Pair distribution showing 2-
peak away side structure.
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A. Adare (ALICE)

Cross-correlations and autocorrelations

For single-particle distributions xa, xb with length and period N
Pair cross-correlation*:

﻿﻿Three-particle cross-correlation:

Somewhat like a “really fast” MC technique for calculating difference 
between two periodic, random variables. 
Linear cross correlations for nonperiodic variables (e.g. Δη correlations) are 
even simpler.

20

xab
i =

N−1�

j=0

xa
jx

b
((i+j))N

xab
ij =

N−1�

k=0

xa
k

�
xb
((i+k))N

+ xb
((j+k))N

�

0 ≤ i ≤ N − 1
((i))N ≡ imodN

*Similar to convolution (xa o xb). (Cross-correlation uses i+j, while convolution sum uses i-j).
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A. Adare (ALICE)

Two peaks at +/- 1 rad

Top
Single-particle φ distribution with 
two Gaussian peaks.
σ = π/3 and μ = ± 1.

Bottom
Autocorrelation representing pair 
distribution

Observation
S.P. dists. with 120o peak separation 
lead to strong v3 correlated 
component, even if the event is not 
triangular.
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A. Adare (ALICE)

Different inputs, similar results

Left: 
2-Gaussian superposition
(Like Staig/Shuryak model)
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Fig.6 shows δτ for both, the inviscid and for the viscous

case. In the former case the contribution is much larger

than in the latter, where the viscosity has damped and

widened the peaks.

FIG. 6: (Color online) Excess of freeze-out surface δτ(r,φ)
due to the initial perturbation. Top: ideal case, bottom: vis-

cous case with η/s = 0.134. Only the half of the surface that

is affected by the presence of the perturbation was plotted.

Figure 7 compares the particle distribution for three

cases, (i) the inviscid case, (ii) the minimal viscosity case

η/s = 1/(4π) and (iii) the case where η/s = 0.134. In

the ideal hydro case the two peaks of the angular dis-

tributions, due to the overlap of the perturbation with

the fireball boundary, are more pronounced than in the

cases with nonzero viscosity. Also, in this case (i) one

can clearly see high frequency oscillations on the curve.

Those are an artifact of the arbitrary limit of the number

of harmonics used to l < lmax = 30. The oscillations dis-

appear when we take viscosity into account, because, as

we mentioned earlier, viscosity kills all higher harmonics

anyway, with l > lmax ∼ 10. In the presence of viscosity,

the peaks in the particle distribution are weakened, and

their angular separation is a bit more spread than in the

inviscid case.

C. Two-particle correlations

Looking at experimental data on normalized two parti-

cle correlations, such as the one shown in the last plot of

Fig.8, one sees that the peaks are of the order of about a

percent. This means that the perturbations to the back-

ground are small, and such small changes cannot be ob-

served on an event-by-event basis, but only in a large

0 1 2 3 4 5 6

Φ �rad�

dN
�dΦ

0 1 2 3 4 5 6

Φ �rad�

dN
�dΦ

0 1 2 3 4 5 6

Φ �rad�

dN
�dΦ

FIG. 7: (Color online) Single-pion distribution in arbitrary

units as a function of the azimuthal angle φ (rad), for trans-

verse momentum pT = 1GeV and rapidity y = 0. From top

to bottom, the curves are for different viscosity-to-entropy

ratios, η/s = 0, 1/(4π), 0.134 respectively.

sample of events. This is why the observables are the

two(or more)-particle correlation functions, in which the

non-trivial correlations are separated from the uncorre-

lated background. Note, that not only fluctuations in

different events are uncorrelated, but also statistically in-
dependent fluctuations at different locations in the trans-

verse plane in the same event.

In the two-particle correlation functions one measures

mean squares of the perturbations. Therefore the small-

ness of the perturbation appears quadratically, and thus

one has to be able to get to the level between 10
−3

and

10
−4

or so in the correlation magnitude. Nevertheless,

the large set of the recorded events (∼ 10
9
) by RHIC

or LHC detector, with ∼ 10
3
particles or ∼ 10

6
parti-

cle pairs per event provides a sufficient statistical data

Right:
v1-v4 sum {-0.05, 0.1, 0.1, 0.02}

Pair distribution qualitatively 
similar

arxiv:1105.0676

Single-particle φ distributions

Pair Δφ distributions
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A. Adare (ALICE)

Triangular-shaped events 23
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Top
Pure v3 single-particle φ 
distribution.

Bottom
Again, autocorrelation (= pair 
distribution)

Observations
Pair distribution has same shape as 
S.P. distribution (true for all n)

Away-side correlation strength 
equal to near side
Allows distinction from flux-tube/
perturbation vs. triangular flow pictures?
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A. Adare (ALICE)

Three-particle correlations

Three-particle shapes are very different between the two cases…
Even if reality is some admixture between these, experimental sensitivity 
may be sufficient.
But we should examine the unsubtracted, central data! No ZYAM!!
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The end
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A. Adare (ALICE)

High trigger, low associated pT

High-pT triggers from jet 
fragmentation
Expect anisotropy from 
pathlength-dependent 
quenching (PLDQ).

Low-pT partners from 
bulk
Expect anisotropy from flow

Do correlations factorize 
for this case?
Yes, but not as cleanly as 
for low pTt, low pTa 
correlations.
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A. Adare (ALICE)

High trigger, low associated pT

High-pT triggers from jet 
fragmentation
Expect anisotropy from 
pathlength-dependent 
quenching (PLDQ).

Low-pT partners from 
bulk
Expect anisotropy from flow

Do correlations factorize 
for this case?
Yes, but not as cleanly as 
for low pTt, low pTa 
correlations.
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A. Adare (ALICE)

Hot-spot / flux-tube / sound models

Similar qualitative features 
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φ

φ

δφ

δφ

Figure 3. Single- (left) and two- (right) particle angular distributions in the simplified model.
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Figure 4. Temporal evolution of energy density for the simplified model (left). Trajectories of the
fluid cells around the tube (right).

subtracted from the raw correlation. By doing this, the effects of η distribution shape and flow
are removed in a single step.

The fact that this new analysis leads to similar results as in [12] reinforces both approaches.
However, it is still unclear what causes in detail the near- and away-side structures as well as
what fixes the position of the double-hump in the away-side ridge.

3. Origin of the ridges in a simplified model

To investigate the origin of the ridges, we use a simplified two-dimensional model. This
model consists of a slice of matter which initially has a high energy density spot in a smooth
background. This slice subsequently undergoes transverse expansion and boost-invariant
longitudinal expansion. More details are given in [16]. The single-particle angular distribution
does not have a single peak as one might expect but two peaks located on both sides of the
position of the tube as seen in figure 3 (left). This double-peak structure is observed for all
transverse momenta at more or less the same position [16] and its location is in agreement
with data (for a central collision). The reason, as seen in figure 4, is that the effect of the tube
is to deflect the otherwise isotropic radial flow.
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